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Abstract
Infrared divergences in QED and other theories with massless parti-
cles show that in such theories the S matrix cannot be defined in the
usual way. Typically, this is not viewed as a big problem since one
is interested in cross sections, in which the divergences cancel. Re-
cently, one particular type of divergences known as soft theorems was
connected to a symmetry principle - the antipodal matching of large
gauge transformations. However, there is a way to define an IR finite
S matrix in QED and similar theories by dropping the assumption of
trivial asymptotic dynamics. In the present paper we investigate the
role of soft theorems and invariance under large gauge transformations
in the context of the finite S matrix. Before doing so, the construction
of asymptotic dynamics is reviewed and extended. The key results are
that subleading soft factors can be included in a natural way in the
asymptotic dynamics. Once this is done, soft modes decouple from
the IR finite S matrix and this decoupling, which can be understood
as a spontaneously broken symmetry, is equivalent to the invariance
under large gauge transformations (or in other words to the antipo-
dal matching). To show this equivalence a special property for field
operators at null infinity, i.e. for the program of asymptotic quantiza-
tion, is assumed. Finally, we speculate about the modification of the
decoupling of soft modes in the presence of black holes.
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1 Introduction
Typical S-matrix computations involving quantum field theories with mass-
less particles lead to infrared divergent probability amplitudes. These di-
vergences cancel in inclusive cross sections and are therefore often dubbed
unphysical. Indeed, the amplitudes cannot be measured directly and experi-
mentally relevant quantities are always IR finite. This has been known for a
long time and consequently rather little attention was paid to the fact that
even in such a simple theory as QED there is no S matrix.
The authors of the present paper found the need to revise this old issue for
two closely connected reasons. First: a particle with an energy ω typically
interacts on time scales of 1{ω. Consequently, one would expect particles of
zero energy to interact on infinite time scales only, or in other words not to
interact at all. Thus, the probability of emitting or absorbing a photon of fre-
quency ω in some physical process - say a scattering process - should vanish
as ω Ñ 0; infinitely soft photons should decouple from all processes. Instead
however, using standard perturbation theory one finds that the probability
for soft photons to participate in scattering diverges. The second reason
is a recent line of papers in which this divergent probability of soft emis-
sion/absorption was connected to invariance of the theory under large gauge
transformations (LGT in the following) (insert citations). While it is always
good to find new symmetries, one should be worried if these turn out to
imply divergences: is there a symmetry reason for the non-existence of the
S matrix in QED and gravity?
The origin of IR divergent probability amplitudes is very clear: the usual
definition of the S-matrix, or equivalently the LSZ formalism, assumes that
the asymptotic dynamics of the theory is free. This assumption is clearly
wrong when massless particles are around, hence the divergences. Several
authors have tried to overcome this issue by finding the correct, non-free,
asymptotic dynamics and defining a new, IR safe S matrix [1–3]. In [1] it
is mentioned that soft photons indeed decouple from the IR safe S-matrix
of QED (no calculation of this result is presented and we are not aware of
another source presenting it). In fact, this is still not quite true: as we show,
they only decouple to leading order, resulting in non-divergent but still non-
zero amplitudes. We show how to rectify this by including the subleading
soft theorem into the asymptotic dynamics. This simultaneously solves an
ambiguity in the construction of the latter.
With the IR safe S-matrix in our hands, the decoupling of soft photons of
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arbitrary direction can be interpreted as an infinite family of dynamical sym-
metries. Hence, it is natural to ask about the meaning and origin of these
symmetries. It turns out, maybe a bit surprisingly, that the invariance of the
theory under LGT follows from the decoupling of soft modes once the special
role of null infinity in the framework of non-trivial asymptotic dynamics is
recognized.
The main purposes of the present paper are the following: We improve on the
methodology of [1] through a reexamination of the meaning of asymptotic
dynamics and inclusion of subleading terms. Then a very simple calculation
showing that soft photons decouple from the IR finite S-matrix is presented.
After that, we show the connection between this decoupling and invariance of
the theory under LGT. Before doing so, in order to avoid possible confusion,
we stress the difference between invariance, matching and symmetry.
In spite of its intrinsic beauty, the interest in these results for QED or for
linear gravity is mostly academic and invariance under LGT simply reflects
the decoupling of soft modes. However, the whole story is richer and extends
to other cases. One of the lessons lies in the way the theory implements
its invariance under LGT through soft decoupling. The realisation of this
symmetry is in the form of a spontaneously broken symmetry with a large
vacuum degeneracy and with different vacua differing by a finite number of
soft modes that play the role of Goldstone modes. This is, as stressed in [14],
a generic phenomenon in theories with soft modes 3. Although this vacuum
degeneracy corresponds to infinite entropy of asymptotically-Minkowski vac-
uum, the differences among the vacua cannot be resolved in finite time. This
is a different way of expressing the essence of the soft decoupling.
Several of the questions that we address here have recently been raised in
[25] and [23]. While we largely agree with the conclusions reached there,
the methodology that we use is quite different. We put a special emphasis
to deriving all results from a priori arguments and carefully differentiating
between the many different notions that necessarily appear in the context
of non-trivial asymptotic dynamics. In particular, the special role of null
infinity is recognized.
A spacial slice approach to LGT was followed in [11], it would be interesting
3In particular, in the simplest case of a free massless scalar field there is an infinite
degeneracy and we can identify the corresponding soft modes playing the role of Gold-
stone bosons. The nontrivial aspect appears when the vacuum degeneracy coexists with
nontrivial asymptotic dynamics. Similarly, in linearized gravity one obtains the formal
vacuum degeneracy of Minkowski, as discussed in reference [14].
3
to see the precise connection to it. In [12, 13] the subleading soft theorem
was put on a similar footing as the leading one, the same happens in the
present paper.
The outline of the paper is as follows. First, we address the origin of in-
frared divergences and their disappearance once the appropriate asymptotic
dynamics is chosen. Furthermore, we discuss ambiguities in the definition of
the IR safe S matrix and conjecture the correct choice of S. This will be done
in sections 2-4. The main result is that in the IR safe scenario zero energy
modes decouple from the S-matrix. In section 5 we discuss the connection
between matching, invariances and symmetries. After that, we consider the
role of LGT in the IR safe theory in section 6. We show that the charge of a
LGT is simply an asymptotic soft photon. A key ingredient in this analysis
dwells in the distinction between true asymptotic operators and what we will
call free asymptotic operators. Finally, in section 7 we discuss the issue of
normalizability of scattering states. In the appendix B we will shortly re-
view the standard treatment of infrared divergences and compare it to the
present approach. For concreteness, throughout the paper we focus on the
case of QED. However, the arguments are in principle more general and can
be applied to different quantum field theories.
2 The S matrix and asymptotic dynamics
Generically, in theories with massless modes the asymptotic dynamics differs
from the one defined by the free Hamiltonian. The correct identification of
the asymptotic dynamics is necessary in order to define the S matrix. In this
section we shall briefly review the discussion on how to define the asymptotic
dynamics.
2.1 What is an S matrix?
In principle, a scattering amplitude is just the overlap of two states. Typi-
cally, one is interested in the overlap of scattering states, i.e. true eigenstates
of the full Hamiltonian. Since these are usually unavailable, one resorts
to descriptor states and an operator on such states - the S matrix - that
describes scattering and can be expanded in a perturbative series. The de-
scriptor states and the S matrix are ideally obtained through the following
procedure:
Let W ptq “ e´iHt be the full time evolution operator and let Uptq be some
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other unitary evolution. We can match the dynamics governed by the two
different time evolutions at any fixed point of time. For that let | g〉 ,
ˇˇ
fg
〉
be
two different states such that
W pt1q | g〉 “ Upt1q
ˇˇ
fg
〉
ðñ | g〉 “ Ωpt1q
ˇˇ
fg
〉
(1)
where Ωptq :“ W p´tqUptq. Obviously this can be done for any Uptq. We
could now try to define an S matrix via
〈hout | gin〉 “ lim
t˘Ñ˘8
〈fh |Ω
:pt`qΩpt´q
ˇˇ
fg
〉
“ 〈fh |S
ˇˇ
fg
〉
(2)
with S “ Ω:p8qΩp´8q “ Ω:`Ω´. For this procedure to work, the conver-
gence of the Møller operators Ωptq is of crucial importance. Indeed, it is
only this need of convergence what forbids us to use an arbitrary Uptq in the
definition of S. We shall call the “correct” evolution operator Uasptq.
The convergence of Ω˘ptq is not the only criterion for the correct definition
of Uas. Since we want to make contact with real experiments, Uas should be
such that for chosen descriptor states
ˇˇ
fg
〉
the asymptotics, as governed by
Uas, corresponds to the asymptotics of the “real” state
ˇˇ
gin{out
〉
as governed
by W , i.e.
lim
t¯Ñ8
´
W ptq
ˇˇ
gin{out
〉
´ Uasptq
ˇˇ
fg
〉¯
“ 0 ðñ Ω˘
ˇˇ
fg
〉
“
ˇˇ
gin{out
〉
(3)
where the convergence is with respect to an appropriate norm. If that is the
case, one can be sure that Ωptq has strong limits and that the scattering am-
plitude 〈fh |S
ˇˇ
fg
〉
is equal to the physically meaningful quantity 〈hout | gin〉.
For instance, in quantum mechanical potential scattering, descriptor states
are eigenstates of the momentum operator | p〉 and a correctly chosen Uasptq
must lead to
lim
t¯Ñ8
Ωptq | p〉 “
ˇˇ
pin{out
〉
, (4)
where
ˇˇ
pin{out
〉
are the (typically known) in/out stationary scattering states.
Only in that case does the S matrix reproduce the usual formula for the
scattering amplitude. Note that this S matrix can be written asWIasp8,´8q
where the interaction picture is defined with the Uas, i.e.ˇˇ
ψptq〉
Ias
“ U´1as ptq
ˇˇ
ψptq〉
S
ùñ iBt
ˇˇ
ψptq〉
Ias
|t|Ñ8
ÝÝÝÝÑ 0 (5)
AIasptq “ U
´1
as ptqAUasptq . (6)
For short range interactions (i.e. only massive particles) the asymptotic
dynamics is governed by the (renormalized) free Hamiltonian, hence Uasptq “
5
e´iH0t is a good choice and the correspondingly defined S matrix leads to
correct results. For long range interactions (like QED) this is not the case
and one must choose a different Uasptq as was first shown by Dollard [17] for
Coulomb potential scattering and subsequently applied to QED by Kulish
and Faddeev in [1]. In what follows, we shall show how to find the asymptotic
dynamics and how to construct the correct S matrix from it.
2.2 Finding the asymptotic dynamics
Finding the correct asymptotic dynamics for theories with long range inter-
actions is a difficult task. While the descriptor states can still be conveniently
chosen to be eigenstates of the free Hamiltonian, one usually does not have
any kind of expression for the true scattering states (or equivalently incom-
ing/outgoing particles). In principle, if the scattering states
ˇˇ
pin{out
〉
are
known, the goal is to find an operator Uasptq that fulfills two requirements:
1. The Møller operators Ω˘ “ lim
tÑ˘8
e´iH tUasptq exist, or equivalently the
S-matrix Ω:`Ω´ is finite on the Hilbert space of the descriptor states.
2. The operators Ω˘ map descriptor states to true scattering states, i.e.
Ω˘ | p〉 “
ˇˇ
pout{in
〉
.
In most situations the scattering states are unknown and the second require-
ment is ignored, i.e. one is happy to obtain just some finite S matrix. As we
will see, it is the second requirement which forces us to include the sublead-
ing soft factors into the asymptotic dynamics.
In the literature there are (as far as we know) two ways for obtaining a Uasptq
that fulfills the first requirement, both generically leading to the same results.
As we will need both of them, we shall give a short summary here.
2.3 Ansatz I: asymptotic dynamics from leading order
terms
This trick for finding Uasptq was (to our knowledge) first used in [1]. It goes
as following: first use the following trivial identity
H “ H0 ` V “ H0 ` e
´iH0t VIptq e
iH0t, (7)
where the subscript I refers to the usual interaction picture. Now compute
VIptq to highest order in t and neglect subleading terms; call the resulting
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operator VI asptq. Finally define Vasptq :“ e
´iH0t VI asptq e
iH0t and
Hasptq :“ H0 ` Vasptq. (8)
By construction, Hasptq will converge to H for large t. Hence, the asymptotic
dynamics in the Schro¨dinger picture can be described as:
Hasptq |ψ〉S
|t|Ñ8
ÝÝÝÝÑ iBt |ψ〉S (9)
or in other words, for asymptotic times:
iBtUasptq “ HasptqUasptq. (10)
This leads to a differential equation for Uasptq. The resulting Dyson series
for Uasptq can now be computed order by order. Nevertheless, there is a
subtlety: equation 10 is only meaningful for asymptotic times and hence we
cannot demand Uaspt0q “ 1 for some t0. In other words, the general solution
for Uasptq takes the form
Uasptq “ T e
´i
şt
t0
Haspt˜qdt˜ ¨ C, (11)
where C is some time-independent unitary operator.
The unknown C has to be fixed by the choice of descriptor states and the
condition (3), we will come back to its role in section 3.3.
2.4 Ansatz II: asymptotic dynamics from classical so-
lutions
This method for determining Uasptq was used e.g. by [2] for QED. Here,
instead of finding Uas directly, one makes an Ansatz for some operators in the
Heisenberg picture to fulfill a “classically inspired” time evolution for large
times. Then, by plugging this Ansatz into the e.o.m. for other operators
in the Heiseberg picture, the asymptotic dynamics of the entire system is
solved. Alternatively, one can look for an evolution operator Uasptq that
gives the classically inspired dynamics. In this procedure, the above unknown
operator C is fixed by subleading terms in the Ansatz. This might sound
a bit obscure at first, but is in fact both conceptually and technically quite
simple. In order for the reader to become familiar with the two ways of
finding asymptotic dynamics, we will treat a completely understood example
below - the Coulomb potential scattering in quantum mechanics.
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3 Worked out example: Coulomb scattering
We consider the Coulomb potential in three dimensions:
H “
p2
2m
`
g
r
“ H0 ` V. (12)
3.1 Ansatz I
Let us follow Ansatz I first. With
rIptq “ r ` p
t
m
« p
t
m
for large |t| . (13)
we find:
Vasptq “
g m
|t| p
(14)
Then equations 8 and 11 result in
Uasptq “ e
´i
ˆ
p2
2m
pt´t0q`
g m
p
signptq logp
∣
∣
∣
t
t0
∣
∣
∣q
˙
C. (15)
3.2 Ansatz II
Now to the Ansatz inspired by classical Coulomb scattering. We want to find
approximate solutions to the classical e.o.m.
9r “
1
m
p , :r “
g
m r3
r (16)
for large |t| and r. The momentum p must be conserved to leading order in
t in this regime. One can check that the following expressions fulfill these
requirements
rptq « p
t
m
´ p
g m
p3
signptq logp|t|q ` const. (17)
pptq « p (18)
One can include a constant term since the solution is valid only for very large
r and t anyway. Note that the equation for r is simply the movement of free
particles corrected by a subleading (in |t|) term coming from the Coulomb
interaction. The idea is now to assume that in the Heisenberg picture the
operators rptq fulfills the same equation for asymptotic times (we do not write
hats over operators, it should be clear from the context when the variables
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are classical and when quantum). Then the asymptotic time evolution can
be found from
Uasptq
: pUasptq “ p (19)
Uasptq
: rUasptq “ p
t
m
´ p
g m
p3
signptq logp|t|q ` const. (20)
It is easy to see that 15 gives precisely that (where C must commute with
p), hence both Ansatzes lead to the same result.
3.3 The role of C
The operator C is mostly ignored in discussions of asymptotic dynamics. In
the present paper, however, it plays a central role and this section is therefore
quite important. C can be found by fixing the descriptor states for Ansatz
I or by fixing the constant term in Ansatz II. Let us see how the first part
works. For the Coulomb potential the scattering states
ˇˇˇ
pin{out
〉
are well
known, see e.g. [?]. As descriptor states we choose, as usual, the eigenstates
of p, call them |p〉. With the help of Uasptq we define the (now converging)
Møller operators as in section 2.1. C is now fixed by the requirement
Ω˘ |p〉 “
ˇˇˇ
pout{in
〉
(21)
If we ignore that requirement and e.g. set C “ 1, the Møller operators defined
through Uasptq will still converge and the S-matrix will be finite. However,
the matrix element 〈p1 |S | p〉 ‰ 〈p1out | pin〉 and calculations using this S ma-
trix will in general lead to wrong results. The choice of C can be viewed as a
renormalization of the S matrix, i.e. a modification of the LSZ prescription
for asymptotic states. Since the asymptotic dynamics cannot depend on t0,
C also eliminates the dependence on t0 in Uasptq. See [3] for a nice discussion
of why this must happen. It seems that the unphysical and non-existent
dependence on t0 plays a crucial role in the work [25], we strongly disagree
with their point of view on that.
It turns out that the with the right choice for C4 the asymptotic evolution
is given by:
Uasptq “ e
´i
ˆ
p2
2m
t` g m
p
signptq logp|t| p
2
2m
q
˙
. (22)
4In fact, one has to choose two different C’s - one for future times and one for fast
times. They merely differ by a sign, in order to shorten the presentation we ignore this
subtlety.
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This was proven in [17], where it was shown that with this choice equation
21 holds. Note that even in this simple case the operator C is nontrivial!
Now as for the second Ansatz, we see that the correct asymptotic dynamics
leads to
rasptq “ p
t
m
´ p
gm
p3
signptq logp|t|
p2
2m
q ` r ` 2p
g m
p3
. (23)
The asymptotic expression for rptq has a constant piece containing the oper-
ator p. While we have no intuition for the meaning of this piece in potential
scattering, its analogue in QED will be played by universal subleading soft
factors.
4 The infrared safe S-matrix in QED
In this section the program of finding the correct asymptotic dynamics is
applied to QED. We largely follow the ideas of [1] and [2], although with
a different emphasis and some extension. The main point of the present
discussion is the decoupling of soft modes from the IR safe S-matrix. For
the modes to decouple completely, subleading effects have to be taken into
account. This is where the previously ignored operator C enters the stage.
Admittedly, the presented construction is a bit ad hoc - although a classical
argument for the inclusion of subleading terms is given, the main reason for
them is the demanded decoupling. It would be nice to find a more natural
argument that leads to the subleading dressing. The section is structured
as follows: in 4.1 the leading and subleading soft photon theorems are refor-
mulated as operator identities. Then, in 4.2, after a short recap of known
results the decoupling of soft photons is demonstrated to leading order. Our
approach here differs from the usual. We do not modify the descriptor states,
as was done in previous work, but rather treat the dressing operators with
more care. Certainly, the free Fock space has to be extended in some way in
order to make sense of the dressing, but the space of descriptor states should
still be unchanged if we are to follow the philosophy of Dollard in [17]. In
particular, the IR safe S matrix should be a well defined and finite operator
on the free Fock space. In the remaining sections 4.3 and 4.4 the subleading
effects are taken into account and a short note about soft theorems is given.
4.1 The soft photon theorem in QED
Assuming trivial asymptotic dynamics in QED and performing computations
with the usual Dyson S matrix, let us call it SD, leads to the well known
10
problem of IR divergences. One very particular type of such divergences
is known under the name soft photon theorem. It is usually stated as an
equation for matrix elements of S, namely
lim
k0Ñ0
〈
p1i
ˇˇ
aµpkqSD
ˇˇ
pj
〉
“
ˆ
lim
k0Ñ0
ÿ ei
p1i ¨ k
´
p1µ ´ i k
ν Jµνpp
1q
¯
´ same for p
˙
¨
〈
p1i
ˇˇ
SD
ˇˇ
pj
〉
(24)
where we have included the non-divergent subleading part with the angular
momentum operator
Jµνppq “ i
ˆ
pµ
B
Bpν
´ pν
B
Bpν
˙
.
The operators aµ create the Fock space of all polarizations, the physical Fock
space being a subspace of it.
Let us only consider matrix elements with no arbitrarily soft photons in
ˇˇ
pj
〉
and | p1i〉 . Then we get
lim
k0Ñ0
〈
p1i
ˇˇ
aµpkqSD
ˇˇ
pj
〉
“ lim
k0Ñ0
〈
p1i
ˇˇ
raµpkq, SDs
ˇˇ
pj
〉
.
Since this is true for all matrix elements, we can promote the soft photon
theorem into an operator equality:
lim
k0Ñ0
raµpkq, SDs “ lim
k0Ñ0
e
ż
1
p ¨ k
r
`
pµ ´ i k
ν Jµνppq
˘
ρppq , SDs d
3p. (25)
where ρppq is the charge density operator. Obviously, the above equation can
be written as a symmetry, i.e. as
rQ, SDs “ 0 (26)
where the conserved charge is
Q “ lim
k0Ñ0
aµpkq ´ e lim
k0Ñ0
ż
d3p
p ¨ k
`
pµ ´ i k
ν Jµνppq
˘
ρppq
“: Qsoft `Qhard. (27)
Note that this is not quite a symmetry yet since the charge is not hermitian.
If one wants to make the statement about hermitian charges only, one can
use the operators a ` a: and ipa ´ a:q. They will pick out only the leading
and subleading parts of the soft theorems respectively.
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4.2 Asymptotic dynamics and soft decoupling in QED
to leading order
The reason for the IR divergences in the Dyson S matrix is the wrong as-
sumption of trivial asymptotic dynamics. In fact, for QED a completely
analogous analysis to the one presented for the Coulomb potential can be
done. As was shown in [1] and [2] (although C was set to the identity there),
the real asymptotic dynamics is governed by:
Uasptq “ e
´iH0teRptqeiΦptq C (28)
with
Rptq “
e
p2πq3
ż
pµ
p ¨ k
ρppqpa:µe
i
k¨pt
p0 ´ h.c.q
d3k
2k0
d3p (29)
Φptq „
ż
: ρppq ρpqq :
p ¨ q
ppp ¨ qq2 ´m4q
1
2
signptq lnp|t|q d3p d3q (30)
There, for the Ansatz of the type 3.2 one assumes a classical form for the
asymptotic current in the Heisenberg picture:
Jasµ pxq “
ż
d4p ρppq
8ż
´8
dτ δ4px´ pτq, (31)
this is the current of particles of momentum p flying on straight lines through
the origin. This leads to
Aasµ pxq “ A
in
µ pxq `
ż
d4y∆retpx´ yqJasµ pyq, (32)
which is the incoming electromagnetic field and the Lienard-Wiechert field
of the asymptotic charged particles; and then ultimately to the same Uasptq.
Note that the time-dependent phase e
i
k¨pt
p0 in the dressing operator Rptq sup-
presses the contribution of any finite k modes in the |t| Ñ 8 limit. Hence,
the dressing is purely soft. The phase operator Φptq is the direct analogue of
the phase for non-relativistic Coulomb scattering, it commutes with photons
and is irrelevant for the present discussion. We will ignore it in the following.
Since the analogue of the Coulomb potential scattering states is unavailable
in QED, we need, in order to fix C, to come up with a physical argument.
Before doing that and in order to highlight the physical meaning of C let us
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just take for the moment C “ 1.
The definition of Uas implies the following S matrix as acting on the free
Fock space (where we ignore the phase operator):
SKF “ lim
t˘Ñ˘8
eRpt`q
:
SDpt`, t´q e
Rpt´q “: lim
t˘Ñ˘8
SKF pt`, t´q (33)
where KF stands for Kulish-Faddeev and SD is the standard Dyson S matrix
in the free interaction picture, i.e. SDpt`, t´q “ UIpt`, t´q.
The leading order of the soft photon theorem, as stated in (25), implies that
lim
kÑ0
rk0 a
µpkq, SKF s “ 0. (34)
This relation can be easily proved. First note that
raµpkq, SKF pt`, t´qs “
raµpkq, eRpt`q
:
sSDpt`, t´q e
Rpt´q`eRpt`q
:
raµpkq, SDpt`, t´qs e
Rpt´q ` eRpt`q
:
SDpt`, t´q ra
µpkq, eRpt´qs
We can now use standard formulas for displacement operators and take the
k Ñ 0 limit before the t˘ Ñ ˘8 limit finding (schematically):
lim
k0Ñ0
rk0 a
µpkq, SKF s “
eR
:p8q lim
k0Ñ0
k0
ˆ
e
ż
pµ
p ¨ k
r´ρppq, SDsdp` raµpkq, SDs
˙
eRp´8q. (35)
The soft photon theorem 25 implies that the expression in between the dress-
ing operators vanishes and hence equation (34) follows. It is important to
notice that the limits of k0 Ñ 0 and t˘ Ñ ˘8 do not commute, therefore the
above calculation should be rather viewed as a guide to a more careful and
rigorous one. However, the conclusion of the more careful analysis (where
t˘ is kept large but finite with the limit being taken at the very end) is the
same. In general, for all the following calculations of this type we will take
k0 Ñ 0 before the infinite time limit.
Equation (34) implies that amplitudes with participation of soft photons are
no longer IR divergent. The next question is how to fix the constant operator
C and what is its meaning at the level of soft theorems. The answer is that
C contains information about the subleading part of the soft theorems.
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4.3 Including the subleading dressing
Once we include C the S matrix becomes
SKF “ lim
t˘Ñ˘8
C: eRpt`q
:
SDpt`, t´q e
Rpt´qC, (36)
In order to identify C we shall use two different arguments which lead to the
same conclusion:
1. The insertion of soft photons must be a symmetry of scattering, i.e.
soft photons decouple to all orders and not just to the leading one. 5
2. The asymptotic expression for the electromagnetic field Aµpxq states
must reduce to its “classical value”.
Let us define
eRptqC “: eR˜ptq (37)
and make the following Ansatz:
R˜ptq “ Rptq `
ˆż
d3p d3k aµpkqC
µpk, pq ´ h.c.
˙
(38)
where we impose that Cµ are Lorentz covariant operators that do not contain
photon operators, as well as the condition
rCµpp, kq, ρpp1qs “ 0 @k, p ‰ p1. (39)
In other words, we demand that the asymptotic states Uasptq | p〉 are “co-
herent” (in the sense of section 6 below) and do not involve other momenta
p1 ‰ p even if C is chosen to be nontrivial.
Then we obtain, in analogy to the leading order calculation:
lim
k0Ñ0
raµpkq, SKs “
eR˜p8q
:
lim
k0Ñ0
ˆ
e
ż
pµ
p ¨ k
r´ρppq ` Cµpk, pq, SDsdp` raµpkq, SDs
˙
eR˜p´8q, (40)
Again the limit k0 Ñ 0 must be taken before the limit t˘ Ñ ˘8. Note that
if we were to take the limit at the beginning of the calculation, the dressing
operator eRptq would appear to become trivial (as was already noted in [1]).
5A similar philosophy was followed in reference [23]
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Now let us fix C by demanding that soft photon insertions are a symmetry
of the infrared finite S matrix, i.e.
lim
k0Ñ0
raµpkq, SKF s “ 0. (41)
Note that we need this to hold if normalized zero energy photons are to have
zero probability of being created or absorbed in physical processes, see the
discussion in the introduction. Decoupling to leading order is not enough for
this. This assumption together with (25) implies that (to order Opkq):
R˜ptq “ Rptq `
i
p2πq3
ż
d3p d3k
1
2k0
hpkq
p ¨ k
´
aµpkq ` a
:
µpkq
¯
kν J
µνppqρppq “
e
p2πq3
ż
1
p ¨ k
ˆ
e
i
k¨pt
p0 pµ ´ i hpkq kν J
µνppq
˙
ρppq a:µpkq
d3k
2k0
d3p´ h.c.
(42)
Here hpkq is some window function with hp0q “ 1 which we cannot determine
a priori. Realistic experiments with imperfect detectors can determine h up
to a dependence on the detector resolution. In any case, we will only perform
calculations in the k Ñ 0 limit, hence the exact form of hpkq will never enter.
In summary, we observe that the subleading soft photon theorem fixes the
factor C of the dressing operator. In the following we will omit the tilde in
the notation and whenever we say Rptq the full operator R˜ptq is meant.
Let us now discuss how C can be constructed from classical arguments. We
have already seen in equation 32 that the leading order asymptotic dynamics
gives for the potential Aasµ the electromagnetic field of point particles flying on
straight lines through the origin. The subleading dressing gives the following
addition to it:
A˜asµ pxq “ A
as
µ pxq ` A
sub
µ pxq
Asubµ pxq “
i
p2πq3
ż
d3k
2k0
d3p hpkq kνJµνppqρppq
ei px
p ¨ k
` h.c. (43)
The asymptotic electromagnetic field operator (in the Feynman gauge) con-
sists of the incoming field, the Lienard-Wiechert field and a part depending
on the angular momentum of the asymptotic charged particles. In other
words, it corrects the previous expression for the presence of non-zero an-
gular momentum which should certainly influence the electromagnetic field.
Note that the asymptotic current is unchanged since
lAsubµ “ 0. (44)
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4.4 Soft theorems and dressing
In order to avoid a possible misunderstanding, we think it is worth to make
explicit the following straightforward result. Whenever one has any kind of
soft theorem in the IR divergent theory, i.e. some operator Qsoft consisting
out of purely soft photons and a corresponding hard part that is consistent
with the soft photon theorem so that Q “ Qsoft ` Qhard commutes with SD
- the following equation holds:
eRptqQsoft e
Rptq: “ Qsoft `Qhard. (45)
This follows from the usual properties of the coherent dressing as a displace-
ment operators and from formulas (42) and (27).
5 Symmetries and matching conditions
5.1 Two different S matrices
In order to clarify the following discussion, let us introduce some notation and
distinctions. For scattering the relevant quantity is the amplitude 〈pout | p
1
in〉
where | pin〉 , | pout〉 corresponds to stationary scattering states, i.e. true eigen-
states of the full Hamiltonian. There are two different strategies for describ-
ing a scattering process:
1. To use “free” descriptor states | p〉 and Møller operators Ω˘ that map
them into true scattering states, i.e. Ω˘ | p〉 “
ˇˇ
pout{in
〉
. In this case
the relevant Fock space is the free Fock space, Ffree, and the amplitude
becomes: 〈
pout | p
1
in
〉
“ 〈p |S
ˇˇ
p1
〉
, S “ Ω:`Ω´ . (46)
2. Use either | pin〉 or | pout〉 to construct the Fock spaces Fin{out. For
concreteness, let us work with Fin. In that case the states | pout〉must be
described as a superposition of in states | pin〉. We introduce a different
S matrix, say S˜, via 〈pout | “ 〈pin | S˜. The scattering amplitude then
becomes:
〈
pout | p
1
in
〉
“ 〈pin | S˜
ˇˇ
p1in
〉
, S˜ “ Ω´Ω
:
` . (47)
If the assumption of trivial asymptotic dynamics is made, the Møller opera-
tors are defined via
Ω˘ “ lim
tÑ˘8
eiH t e´iH0 t ùñ S “ UIp8,´8q. (48)
16
5.2 Symmetries and conservation laws
It is easy to find useful expressions for conserved charges with the first ap-
proach to scattering. Indeed, conserved charges Q typically commute with
the Møller operators and with S. Therefore, the action of the charge onˇˇ
pin{out
〉
is fully determined by the action of Q on | p〉:
Q
ˇˇ
pout{in
〉
“ Ω˘Q | p〉 . (49)
Hence, for all calculations it is enough to know how Q acts on descriptor
states. Since the descriptor Fock space is built out of field operators at a
fixed time t “ 0, explicit expressions for Q | p〉 can be found immediately -
one just needs to express Q in terms of operators at t “ 0.
For the second approach the situation is slightly more complex. In fact, the
charge operators Q are normally not expressed in terms of the asymptotic
fields. In particular, let us consider generic operators Q that do not commute
with S˜ and try to get useful information out of them. Later on we shall see
how this procedure works for LGT.
First note that for any operator Q acting on the “free” Fock space of descrip-
tor states we can define the corresponding in and out operator as
Qin :“ Ω´QΩ
:
´ , Qout “ Ω`QΩ
:
` “ S˜
:Qin S˜. (50)
If Q is expressed in terms of creation/annihilation operators of free states,
say apkq, then Qin{out is the same operator with apkq replaced by ain{outpkq -
the creation/annihilation operators of the true scattering states.
By definition we get
S˜ Qout ´Qin S˜ “ 0. (51)
Note that the above equation (51) is a trivial identity holding for all Q.
Let us now consider how LGT become a symmetry. For that let us construct
the Fock spaces of incoming and outgoing states separately Fin “ Fout. For
each construction we can get explicit expressions for the charges of LGT as
acting on | pin〉 P Fin and | pout〉 P Fout, let us call them Q´pε´q and Q`pε`q
where ε˘ are arbitrary functions on a sphere. Note that the explicit action
of Q´ is known on in-states and that of Q` is known on out-states only. Let
us fix some function ε´. In principle there is no guarantee that there exists
an ε` such that
Q´pε´q “ Q`pε`q (52)
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is fulfilled. What is meant by invariance of scattering under LGT is precisely
the existence of a ε` given an ε´ such that (52) is fulfilled, i.e. the existence
of a matching. Once the matching is known, nontrivial results can be derived
from it, e.g. by using equations (51) and (50). In references [6–8] antipodal
identification of the gauge parameters ε` and ε´ was shown to be equivalent
to the soft photon theorem and therefore it proves the equivalence between
the soft photon theorem and the invariance under LGT. It is, however, im-
portant to notice that what is meant here by invariance under LGT does
not necessarily correspond to symmetries in the conventional sense. Indeed,
nowhere in the calculation was demanded that rQ, S˜s “ 0 for any charge Q.
5.3 Large gauge transformations and fluxes
As we have pointed out in the introduction, in those cases where the asymp-
totic dynamics is nontrivial, gauge transformations that are non vanishing
at infinity lead to nontrivial transformations of asymptotic states. The way
these transformations become a real symmetry of the theory is through the
decoupling of soft modes underlaying the infrared finiteness of the theory.
In classical physics we are used to associate real symmetries with conserved
Noether charges. These charges are defined by integrating the corresponding
conserved current on a space-like hypersurface and the charges are conserved
in time. However, if instead of a space-like surface we use a null Cauchy
surface what we define by integrating the corresponding conserved current is
the flux through the null surface, we shall denote these fluxes Noether fluxes.
In the case of the soft decoupling symmetry of the S matrix the relevant
Noether flux associated with the symmetry should count the flux of soft
modes going through null infinity for any given asymptotic state defined by
the momentum and charges of ingoing and outgoing charged particles.
The soft decoupling symmetry of the infrared finite S matrix implies the
decoupling of this flux of soft modes. The way this is done at the level of the
infrared finite S matrix is by effectively reabsorbing the flux of soft modes
into the asymptotic coherent state dressing. Equivalently, this decoupling
can be achieved if the S matrix, without the dressing, commutes with the
Noether flux of soft modes.
Although the Noether flux of soft modes is the relevant charge to implement
the S matrix symmetry associated with decoupling of soft modes, we can de-
fine standard charges on space-like hypersurfaces that correspond to adding
a soft mode of certain polarisation and direction. These are actually the
charges that we can think of as being spontaneously broken and creating
an effective Goldstone boson. The quantum mechanical aetiology of these
charges lies again in the infrared physics, namely in the dressing by a coher-
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ent state of infinite number of soft modes. In summary, soft decoupling is
associated with LGT Noether fluxes while vacuum degeneracy is associated
with standard charges on space-like hypersurfaces.
A typical example of LGT with important physical implications appears in
those gauge theories where topologically nontrivial gauge transformations
exist. In those cases it is the nontrivial topology that provides the possibility
of LGT. In the case of infrared symmetries, what replaces the nontrivial
topology are the infrared divergences.
5.4 The soft photon theorem from matching
In reference [6] it was shown, assuming trivial asymptotic dynamics, that the
charges for LGT in massless QED can be written in terms of out/in operators
as
Q`pε´q “ ´
2
e2
ż
I`
Bz¯ ε`pz, z¯qFuz `
ż
I`
ε`pz, z¯q γzz¯ ju (53)
Q´pε´q “ ´
2
e2
ż
I`
Bz¯ ε´pz, z¯qGvz `
ż
I`
ε´pz, z¯q γzz¯ jv. (54)
More explicit expressions forQ˘ will be derived in the appendix. For Minkowski
spacetime the matching is
Q`pεq “ Q´pεq, (55)
i.e. ε` “ ε´. Note that the charge Q` is expressed in terms of out operators.
According to the philosophy of asymptotic quantization, it is assumed that
Fourier components of field operators near the null infinity I create true
eigenstates of the theory; in this case the incoming and outgoing scattering
states of QED. With the non-trivial asymptotic dynamics in mind, this as-
sumption has to be reviewed. In fact, below we will argue that the states
created by field operators on I differ from the true, dressed scattering states.
As will be shown, it is precisely this difference that gives the connection be-
tween the decoupling of soft modes as in 41 and the invariance under LGT.
In order to highlight this difference, we will label the “bare” operators on I
and states created by these with an additional 0. This will be discussed in
more detail in 6, we introduce the unusual notation here to avoid confusion
in the rest of the paper.
The identity 〈
p0out
ˇˇ
Q`pεq ´Q´pεq
ˇˇ
p10in
〉
“ 0 (56)
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implies (schematically) ż
I`
Bz¯ ε
〈
p0out
ˇˇ
pFuz ´Gvzq
ˇˇ
p10in
〉
“
e2
2
`
γzppq εpzppqq ´ γzpp1q εpzpp
1qq
˘ 〈
p0out | p
10
in
〉
, (57)
where we used the fact that
ˇˇˇ
p0in{out
〉
are eigenstates of
ş
du jupu, z, z¯q andş
dv jvpu, z, z¯q respectively.
This is still not the end of the story since the operator Fuz “ Fuzpa
0
outq is
expressed in terms of (bare) out creation/annihilation operators. This is easy
to amend using the identity
a0out “ S˜
: a0in S˜. (58)
Since we are dealing with bare operators, here S˜ is the IR diverging S-matrix.
With that we finally obtain the scattering amplitude as originally written
in [6] (but in a more extended notation):ż
I`
Bz¯ ε
〈
p0in
ˇˇ ´
Fuzpa
0
inq S˜ ´ S˜ Gvzpa
0
inq
¯ ˇˇ
p10in
〉
“
e2
2
`
γzppq εpzppqq ´ γzpp1q εpzpp
1qq
˘ 〈
p0in
ˇˇ
S˜
ˇˇ
p10in
〉
. (59)
Now everything is written in a single Fock space in terms of operators whose
action is explicitly known. By using εpzq “ 1
z´ζ
one fishes out a single soft
photon of a particular direction and polarization - then equation (59) reduces
to the leading order soft photon theorem.
5.5 Matching and symmetries
In principle, the matching procedure can work and be useful even if there is no
underlying symmetry - the identification of how one and the same operator
acts on both in and out states can encode a lot of nontrivial information
about a theory. However, in the above case the matching does correspond to
a symmetry. The reason is simply the identity (58) which implies:
S˜:Q´pεqS˜ “ Q`pεq. (60)
Then, using the matching condition 55, we find:
S˜:Q´pεqS˜ “ Q´pεq ðñ rQ´pεq, S˜ s “ 0. (61)
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In fact, the matching can be immediately derived from the soft symmetry as
stated in (25). The same situation is present for massive Fermions, where
the construction of the asymptotic Fock spaces and the charges of LGTs is
more complicated, see [7, 8] for a detailed treatment.
We want to stress again that in principle there can exist a matching that
does not correspond to a symmetry but still gives rise to interesting identities
encoding the explicit breaking of the would be symmetry. For example, if
we consider a process where an initial state gives rise to the formation of a
black hole that subsequently evaporates completely, we can think of LGT
charges defined independently on the in state and on the out state. Here the
matching between the charges encodes the existence of the intermediate black
hole resonance. If this matching is nontrivial, it will imply that the S matrix
controlling the whole process of creation and evaporation is not commuting
with LGT or in other words that those LGT are explicitly broken for the S
matrix accounting for the evaporation. The scenario of a nontrivial matching
that encodes information about the black hole was recently advocated in [15]
and [16]. We will address this question in more detail in a future publication.
6 The role of large gauge transformations
We have seen that for the correctly dressed S matrix the soft theorem is sim-
ply the statement that soft photons decouple from scattering. However, for
the undressed dynamics the soft photon theorem seems less trivial and is in
fact equivalent to the statement that LGT are symmetries of the scattering.
How are the two sides of the story reconciled?
As announced above, in order to answer this question we need to revise the
derivation of Q˘pεq, in other words the expansion of fields next to null in-
finity I . In the standard treatment, see [18, 19], it is assumed that fields
evolve like free fields close to I and that their Fourier coefficients create
true stationary scattering states. The existence of a nontrivial asymptotic
dynamics should lead to a reexamination of this assumption. In order to do
that let us first introduce some notation:
We denote the Fourier coefficients of the fields at a fixed spacial slice (say at
t=0) by a for the photon field and by b, c for matter particles and antiparti-
cles. They create the descriptor states of the “free” Fock space by acting on
the perturbative vacuum | 0〉 . The dressed Møller operators are
Ωptq “ eiH t Uasptq “ e
iH te´iH0 teRptq , Ω˘ “ lim
tÑ˘8
Ωptq, (62)
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with Rptq as defined in (42). They accomplish:
Ω˘ aΩ
:
˘ “ ain{out , Ω˘ | 0〉 “ | 0〉in “ | 0〉out (63)
and the same for matter operators (we assume that the in and out vacua
coincide for space-times without black holes). Obviously, this implies that
for a descriptor state, say | p〉 “ b:ppq | 0〉 we get the corresponding stationary
scattering state by applying Møller operators:
b
:
out{inppq | 0〉out{in “
ˇˇ
pout{in
〉
“ Ω˘ | p〉 . (64)
The key question now is the following: are the Fourier coefficients of field
operators close to null infinity I ´ the creation/annihilation operators of
true incoming particles, in particular ain for the photon field? We shall ar-
gue that the Fourier coefficients of the photon field at I ´ are not the full
creation/annihilation operators of true incoming particles but rather the op-
erators obtained assuming trivial asymptotic dynamics, let us call them a0in.
In formulas the operators a0inpkq are formally defined through
a0inpkq “ Ω
0
´ apkq
`
Ω0´
˘:
, where Ω0ptq :“ eiH te´iH0 t. (65)
Note that by the definition of Rptq the (leading order) difference between
ainpkq and a
0
inpkq appears only in the k Ñ 0 limit and also that for the
matter density
ρ0inppq “ ρinppq (66)
because Rptq commutes with ρ. In fact we have
lim
kÑ0
ainpkq “ lim
tÑ´8
Ω0ptq lim
kÑ0
eRptq apkq eRptq
: `
Ω0ptq
˘:
“
lim
tÑ´8
Ω0ptq lim
kÑ0
e
p2πq3
˜
apkq ´
ż
d3p
p ¨ k
`
p ´ i k Jppq
˘
ρppq
¸`
Ω0ptq
˘:
“
lim
kÑ0
˜
a0inpkq ´
ż
d3p
p ¨ k
`
p ´ i k Jppq
˘
ρinppq
¸
,
so in short:
lim
kÑ0
ainpkq “ lim
kÑ0
˜
a0inpkq ´
ż
d3p
p ¨ k
`
p ´ i k Jppq
˘
ρinppq
¸
. (67)
All indices were dropped in the above equations for a shorter notation.
22
With the former relations at hand the role of LGT is surprisingly simple and
clear and can be summarized by saying that even for the dressed dynamics
the invariance under LGT’s is still the soft photon theorem.
Let us demonstrate how the proof works. First notice the following trivial
identity:
rS,Qs “ 0ðñ rS˜, Qins “ 0 (68)
with S˜ and Qin as in (47) and (50). The form of the generators of LGTs is:
Q´pεq “ Qsoft
`
a0in
˘
`Qhard pρinq , (69)
where in our notation we suppressed the dependence on ε on the right hand
side. For the explicit form see (53). Now from (67) and the linearity of Qsoft
in a follows:
Qsoftpainq “ Qsoftpa
0
inq `Qhardpρinq “ Q´pεq. (70)
See also section 4.4. As the notation suggests, Qsoft consists purely out of
soft photons, so it commutes with the dressed S matrix:
rSKF , Qsoftpaqs “ 0. (71)
Therefore relation (68) immediately implies that LGT’s are conserved, i.e.
rS˜, Q´pεqs “ 0
(which in turn implies the antipodal matching). What we observe is that
the conserved charge associated with the soft photon theorem, that for the
undressed S matrix is given by Qsoftpa
0
inq ` Qhardpρinq, becomes simply
Qsoftpainq in the context of non-trivial asymptotic dynamics.
The physical meaning of the operators a0inpkq can be understood by comput-
ing their action on a true incoming particle, say b:pkqin | 0〉in, where b
:pkq
creates an electron. Since by definition ainpkq b
:
in ppq | 0〉in “ 0 we can use
(67) to find:
lim
k0Ñ0
a0inpkq b
:
in ppq | 0〉in “ lim
k0Ñ0
1
p ¨ k
`
p´ i k Jppq
˘
b:in ppq | 0〉in . (72)
which is telling us that true scattering states of QED are coherent states (but
only with respect to the “free asymptotic” photon operators a0inpkq) with in-
finitely many soft quanta [18, 20] .
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Note that the operators of true incoming photons, ain, in fact do annihilate
the scattering state b:in pkq | 0〉in by definition. In summary, we always need
to keep in mind that “true” incoming photons states do not correspond to
the operators a0in but rather to the ain. While working with the dressed S
matrix we don’t need to use the null infinity operators a0in; they can be used
as a bridge between soft decoupling and LGT.
The dressing cloud reflects the electric field of the charged particle. This
dressing is coherent and its ”constituents” are the free asymptotic photon
operators and not the true asymptotic photons of the infrared finite S matrix.
7 The role of null infinity and normalizable
states
Let us imagine that we ignore the existence of nontrivial asymptotic dynam-
ics and consequently the difference between the soft operators a0in and ain
discussed in the previous section. Incidentally, this point of view is the one
usually pursued in the literature. Since the polarization is not important for
this discussion, we shall not write out the index µ and all numerical factors
will be ignored.
The commutation relations of creation/annihilation operators on a spacial
slice in spherical coordinates are:”
apω, ekq , a
:pω1, ek1q
ı
“
1
ω
δpω ´ ω1q δ2pek ´ ek1q (73)
where ek is a unit vector in R
3 and we use the notation apω, ekq “ apk “ ω¨ekq
with δ2pek´ek1q being the delta function on S
2. A normalized 1-photon state
in the free Fock space can be written as:
| f〉 :“
ż
dω d2ek fpω, ekq a
:pω, ekq | 0〉 (74)
with
1 “ 〈f | f〉 “
ż
dω d2ek
|f |2
ω
. (75)
Let us focus on the frequencies and consider states of the type fpω, ekq “
fpωqgpekq with
ş
d2ek |g|
2 “ 1. The normalization condition for them be-
comes
1 “
ż
dω
|fpωq|2
ω
. (76)
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We see that fpwq must vanish sufficiently fast as ω Ñ 0 for all normalizable
states. The issue of normalizability becomes more important once the dis-
cussion is taken to I without first developing an IR-finite scattering theory.
This can be reformulated by saying that the charge Qsoftin pεq is non-zero in
general. Indeed, the explicit expression for this charge contains the term
ω δpωq ainpω, ekq and clearly vanishes on all normalizable states, which sat-
isfy (76). This situation creates a puzzle since classically the corresponding
charge operator does not vanish in general, see [18]. The solution to this
puzzle lies in the realization that the classical non-vanishing soft factors are
absorbed into the dressing of true scattering states through the non-trivial
asymptotic dynamics. When working with the infrared finite S matrix, non-
normalizable states never enter. However, normalizable scattering states as
created by superpositions of b:in appear as non-normalizable when they are
written in terms of the I Fock space that is built with a0in.
This discussion explains why the matching of LGT was found by looking at
I and not by the usual application of Noether’s theorem to spacial slices.
Indeed, e.g. on the spacial slice at t “ 0 (where the field operators create the
descriptor Fock space) the soft symmetry of the dressed S matrix is simply
the vacuum degeneracy of the free Maxwell theory. In general, for every
theory with quantum mechanically protected massless particles soft modes
decouple from the infrared finite S matrix and the vacuum degeneracy of the
interacting theory coincides with the vacuum degeneracy of the free theory
6.
8 Summary and outlook
In theories with infrared divergences the corresponding asymptotic soft modes
with k “ 0 are decoupled from the infrared finite S matrix. These leads to a
set of infrared symmetries parametrized by all possible polarizations and di-
rections of these soft modes. Moreover, these symmetries can be mapped into
LGT acting on the asymptotic states and commuting with the S matrix. The
soft components of these full fledged infrared symmetries are normally real-
ized as spontaneously broken symmetries and account for vacuum degeneracy
or hair, while the hard part accounts for the nontrivial asymptotic dynamics.
6Note that the former statement is also true for infrared finite theories with massless
modes. A nice example is the Euler Heisenberg theory for photons obtained by integrating
out fermion loops in standard QED. In this case, the asymptotic dynamics is trivial and
the vacuum degeneracy is the one of the free theory.
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In the black hole case, the role of the soft modes and corresponding sym-
metries depends on the particular approximation used. In a full quantum
treatment in which black hole formation (say in a two particle collision) and
a subsequent evaporation process is treated as an S-matrix scattering pro-
cess, say of the sort 2 Ñ N [21], the only relevant asymptotic symmetries
are the ones of Minkowski. On the other hand, if we try to describe some
scattering process as an S-matrix process in the fixed classical background
metric of an eternal black hole, the new soft (Goldstone-type) modes - cor-
responding to new symmetries that are spontaneously-broken by the black
hole geometry - will enter the game. The candidates for such modes could
be for example the A-modes identified in [22].
The decoupling of soft modes is exact in the approximation where self-
interactions among them are ignored. The effect of self interactions is to
modify the coherent state nature of the asymptotic states defining the in-
frared finite S matrix. Indeed, self interactions among the soft modes will
generate cascades of soft modes where interaction can lead to new collective
phenomena. The effects of soft self interaction for the dressing in theories like
gravity could be possibly controlled by classicalization. From a more formal
point of view, a lot of work remains to be done, in particular a useful and
IR safe diagrammatics that includes the dressing should be developed. This
question has already been partially addressed, see e.g. [24] and references
therein. The results agree with the usual cross sections as calculated in the
IR divergent theory, see also the discussion in appendix B.
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Appendix
A Generators of LGT
We will derive an explicit expression for the hard part of the charges 53 using
the saddle point approximation and assuming free asymptotic dynamics. The
soft part has been derived with great care in [6] and the hard part for massive
QED in [8]. We were unable to find a similar calculation for massless matter
and that explains why we present it here. We shall derive the charges for
a scalar field φ, the derivation for spinors is completely analogous. Factors
of 2π will be ignored and for convenience we will only write out the particle
part, the antiparticle part being included implicitly.
The first step is to assume free dynamics, in which case the Fourier com-
ponents of φ close to I generate real scattering states. In other words, we
write
φpt, r, exq “
ż
p eipt´rex¨epqp b:pp, epq dp d
2ep. (77)
Using advanced coordinates u “ t´ r we obtain:
φpu, r, exq “
ż
p e iu p e i r pp1´ex¨epq b:pp, epq dp d
2ep. (78)
For large r we can use the saddle point approximation and perform the
integration over the angles d2ep. The relevant saddle is at ep “ ex and we
obtain:
φpu, r " 1, exq „
1
r
ż
e i up b:outpp, exq dp , (79)
where we replace b by bout. The hard part of the LGT on I
` is:
Qhardpεq “
ż
εpexq jupu, exq du d
2ex , (80)
see equations 2.10 and 3.2 in [6]. Plugging (80) and a similar expression for
the conjugated momentum πpu, r " 1, exq (including the antimatter part)
into the expression for ju and integrating over u one finds:
Qhardpεq “
ż
d3p εpepq ρoutppq, (81)
from which immediately follows
Qhardpεq b
:
outppq | 0〉out “ εpepq b
:
outppq | 0〉out . (82)
A similar procedure can be done at I ´ for incoming states. This is nothing
but equation 7.2 from [6] where it was derived by semiclassical methods.
27
B A comparison to the usual treatment of IR
divergences
After the former discussion, the reader might wonder why a reexamination
of such an old issue as the infrared structure of QED is necessary at all. The
problem of IR divergences in QED was reasonably well understood after the
seminal work of Bloch and Nordsiek in 1937 [26], and of Yennie, Frautschi and
Suura in 1961 [27]. In order to highlight the difference between the dressing
approach and the usual strategy for dealing with infrared divergences, we
will briefly review the key ingredients of the old approach in this appendix.
The present discussion closely follows [27].
B.1 Factorization and resummation
Let us start by considering the simplest amplitude in QED, an initial one elec-
tron state |py going over into a final state |p1y, call itMpp, p1q. This amplitude
is a sum of diagrams that we can characterize in terms of the number of inter-
nal virtual photon lines. Thus, generically we have Mpp, p1q “
ř
nMnpp, p
1q.
Here n is the number of virtual photons and Mn is the sum of all diagrams (
contributing to the process ) with n internal virtual photon lines. These di-
agrams are infrared divergent. A careful analysis of the infrared divergences
allows to obtain the infrared divergent part of Mn`1 recursively in terms of
that of Mn. After imposing symmetrization over the involved virtual pho-
tons, an infrared resummation can be performed leading to a factorized form
of the amplitude:
Mpp, p1q “ eαBpp,p
1qM˜pp, p1q, (83)
with M˜ being infrared finite. The infrared divergent part B can be written in
terms of an infrared regulator, e.g. non-zero photon mass m. The behavior
of B for this simplest process with just one electron in the in and out states
and for very large p and p1 is (to leading order in m):
B « ´
1
2π
¨
˝ln 2p ¨ p1
m2e
˜
ln
m2e
m2
´ 1{2` 1{2 ln
2p.p1
m2e
¸
´ ln
m2e
m2
˛
‚. (84)
One can immediately observe that the regularized infrared divergent part
goes like
B „ ´
ˆ
ln
2p ¨ p1
m2e
´ 1
˙
ln
m2e
m2
mÑ0
ÝÝÝÑ ´8 (85)
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and therefore leads to zero amplitudes in the limit of zero mass photon. The
fact that the infrared divergent part factorizes after resummation, allows to
define a sort of infrared “renormalization” by simply defining the physical
amplitude to correspond to the finite part. This common sense recipe is
essentially correct, but it needs a physical justification.
B.2 Real photon emission and unitarity
Let us now consider the same amplitude as above with an additional real
photon of momentum k in the in or out state. This amplitude is infrared
divergent in the k Ñ 0 limit. Contrary to the divergences associated to vir-
tual photon lines, this is a divergence for an a priori perfectly well defined
amplitude where the in and out states are fixed. If we take this infrared
divergence seriously (i.e. do not speak about imperfect detectors), we could
conclude that the corresponding amplitude violates unitarity for soft emis-
sion. In order to understand this apparent violation of unitarity, one can
compute the physically meaningful quantityż
d3k
1
ωpkq
δpǫ´ kq
∣∣∣〈p, E |SD
ˇˇ
p1, E 1, k
〉∣∣∣
2
(86)
where ǫ “ E 1 ´ E. This is the probability to emit a real photon with total
energy ǫ. Using the soft photon theorem and the integral representation of
the delta function, the infrared divergent part of the previous integral can be
written as
B˜ “
ż ǫ
0
d3k
1
ωpkq
p
p1
k.p1
´
p
k.p
q2 (87)
Introducing an infrared cutoff K in the integral one obtainsˆ
ln
2p.p1
m2e
´ 1
˙
ln
ǫ2
K2
(88)
In this expression there are two types of problems: There is an infinity when
the IR cutoff K is sent to zero and there is an UV problem even for finite K
due to the logarithmic growth of ln 2p.p
1
m2e
with the energy. This UV growth is
in principle a real problem even for a theory with a natural IR cutoff, like a
finite photon mass. So what to do with this unitarity problem?
The standard solution comes from a resummation of different processes (con-
trary to the resummation of different diagrams for the same process, as men-
tioned above). Indeed, let us consider amplitudes with n real soft photons
in the external lines. For each value of n the corresponding differential cross
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section is defined by integrating over the phase space of the emitted photons
and symmetrizing. An interesting fact is that for these differential cross sec-
tion we can, as we did for the amplitudes before, perform a resummation
over n. After this resummation is done at the level of the cross section, one
finds that the infrared divergent part again factorizes. The philosophy of
imperfect detectors suggests that only inclusive cross sections are relevant,
so the exponential factors for a particular process coming from virtual and
real photons must be combined into the form
eαpB`B˜q (89)
with B and B˜ exactly canceling the infrared divergent parts. So we see that
thanks to the resummation (i.e. imperfect detectors),the divergent parts can
be exponentiated in such a way that the virtual and real components cancel
each other.
In the above solution unitarity is lost for individual processes and is re-
obtained only for inclusive cross sections. Complementary to that, in the
dressing scenario, as advocated in the present paper, every process is IR safe
and inclusive cross sections become unnecessary since soft particles decouple
from scattering.
B.3 The dressing interpretation of the resummation
over real emission
We now want to comment on the connection between the standard resum-
mation approach to IR diverges and the dressing approach. The fact that
a resummation (at the level of the differential cross section) over the num-
ber of real emitted photons can be performed, allows to reinterpret the IR
divergences by defining a new charged asymptotic state as a dressed state of
real soft emitted photons. One can hope that with a correct dressing the
unitarity problem for fixed processes disappears since the dressing should
already account for resummation. The strategy of Kulish and Faddeev [1] in
1970, which is also our strategy in the present paper, was to find the correct
dressing from asymptotic dynamics and not from the IR divergences in the
Dyson S matrix. Nevertheless, these issues are clearly intertwined. Loosely
speaking, one can think of the Dyson S matrix containing the infrared part
eB, while the part eB˜ accounting for the resummation over real emitted pho-
tons is absorbed into the coherent state definition of the asymptotic states.
The fact that the infrared divergent parts of B and B˜ cancel explains why
the matrix SKF is infrared finite.
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It is the universality of infrared physics that allows for the amazing simplicity
of the resummation. This universality appeared in different forms throughout
the present paper. It was seen in the soft theorem, the definition of asymp-
totic dynamics, the decoupling of soft modes and finally the matching and
the invariance under LGT. In the present work we have tried to illuminate
the connections between (and the equivalence of) these seemingly different
manifestations of infrared physics.
The former discussion sheds also light on the roots of LGT and infrared
symmetries of QED. The resummation and exponentiation of the infrared
divergences associated with real emitted soft photons promotes the soft pho-
ton theorem ( and its subleading component ) into the formal generator of a
transformation. On the other hand the infrared cancellation between real and
virtual divergences makes this transformation a symmetry of the S matrix.
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